Spectral reflectance is a significant physical property of materials. It plays an important role in color constancy, illumination modeling, and color reproduction. Spectral reflectance basis functions are the most important impact factors for spectral reflectance recovery. Previous methods mainly calculated basis functions for the reflectance spectra data sets by employing the principle component analysis (PCA) and its improved methods. In this paper, we present a new method to solve this problem. Specifically, we propose a new cost function and some constraint conditions to convert the problem into an optimization problem by minimizing the cost function. Unlike the PCA method which yields the orthogonal basis functions for approximating the reflectance spectra, our method yields the nonorthogonal basis functions for better approximating the reflectance spectra. Experimental results show that our derived basis functions are better than those obtained by the PCA method for reflectance spectra recovery.
Introduction
Surface spectral reflectance provides useful information for many computer vision applications, such as color constancy, 1) illumination modeling, 2) and color correction. 3, 4) There are many studies on the approximation of reflectance spectra according to the dimensionality reduction method of linear models. [5] [6] [7] The most common technique is the principle component analysis (PCA) method. [8] [9] [10] That is, reflectance spectra RðÞ can be approximated by the linear combination of a small number of basis functions S i ðÞ:
where D denotes the number of basis functions and i is the basis function weight. Given the spectral power distribution (SPD) of a scene illumination EðÞ, the object's surface reflectance spectra RðÞ, and the spectral sensitivity of the cth channel Q c ðÞ, the camera spectral response value of the cth channel I c , is calculated by 
where c corresponds to the number of camera channels, i.e., for the multi-spectral problem, c > 3 and for the trichromatic problem, c ¼ 3. From Eq. (2), the relationship between camera spectral response values I c and the reflectance spectra RðÞ can be seen. Moreover, the reflectance spectra RðÞ can be approximated by Eq. (1) . Thus, if the SPD of a scene illumination EðÞ, the spectral reflectance basis functions S i ðÞ, and camera spectral responses values I c are known for each channel, the weights i can be easily solved as a linear inverse problem or Wiener problem when considering noise. In other words, reflectance spectra can be recovered from the above equations if the basis functions are given as a priori knowledge. Then, the reflectance spectra recovery problem is converted to determine the basis functions S i ðÞ.
In this paper, we proposed an alternative method for obtaining the basis functions. Unlike the PCA-based method, our method calculates the basis functions by an optimization method. A new multi-object cost function and some corresponding constraints are defined. Thus, this problem is converted into a multi-object optimization problem. A genetic optimization algorithm is finally applied to solve this problem using the MATLAB 11) optimization tools. The cost function and constraints are also applied in multispectral imaging research. 12, 13) Rump et al. 12) introduced the cost function for reconstructing camera spectral sensitivity functions from camera outputs and spectral reflectance data. The purpose of our method is to calculate the basis function from the reflectance spectra dataset. Thus, a new cost function and constraints are proposed in this paper to obtain the basis function. Park et al. 13) presented some cost functions and constraints for obtaining spectral reflectance from camera outputs. The basis functions of spectral reflectance are known as prior knowledge. The aim of their method is to obtain the coefficient parameters of the basis functions while the aim of our method is to obtain the basis functions. They used the second derivative as the smoothness term for smoothing the spectral reflectance. In contrast, a new smoothness term is proposed as an object function in our method. In addition to a different smoothness term, the previous methods 12, 13) consider the smoothness term as a penalty term. Thus, the parameters must be tuned to smooth the curves. Our method smoothes the basis function curves without tuning the parameters. Thus, the optimization technique of object function is also different with our method.
The organization of the rest of our paper is as follows. In Sect. 2, we review the related work. In Sect. 3, we describe the proposed method for obtaining the basis functions. Our experimental results and comparison with the standard PCA method are presented in Sect. 4. Finally, we end the paper with some conclusions and discussions in Sect. 5.
Related Work
Existing methods for reflectance spectra recovery use either a multispectral camera system [14] [15] [16] or tristimulus values of the camera. [17] [18] [19] A multispectral camera system allows the reflectance spectra to be recovered more accurately than a trichromatic camera system. However, such multispectral systems are expensive and the recovery procedure is complex. Although the accuracy of threechannel camera systems is slightly less accurate, they are inexpensive and less complex. This paper is focused on recovering the reflectance spectra with the basis functions estimated from tristimulus values, i.e., D ¼ 3.
From Eq. (1), we can see that there are two factors affecting the accuracy of reflectance spectra approximation: the spectral reflectance basis functions and their number. It is widely known that the accuracy will be improved as the number of basis functions D increases. Once the value of D is fixed in the recovery process, the most important impact factor is the basis functions. Thus, efficient basis functions are necessary to improve the accuracy of the reflectance spectra.
In the literature, PCA is a classical method for obtaining the basis functions for reflectance spectra recovery. [17] [18] [19] It applies singular value decomposition (SVD) for a set of reflectance spectra data. By this method, several basis functions are obtained and used to create a low-dimensional representation for approximating the reflectance spectra.
Recently, two popular kinds of methods have been proposed for obtaining more accurate basis functions to improve the accuracy of the reflectance spectra recovery. One is the subgroup method, in which different basis functions are calculated by PCA method for different subgroups of reflectance spectra data. Garcia et al. 7) proposed to cluster samples' hues into subgroups to improve the accuracy of the basis functions in the process of calculation by the PCA method. Ansari et al. 17) presented a PCA recovery method in which a series of samples is selected from a large number of different reflectance spectra data. Ayala et al. 18) improved the accuracy by dividing reflectance spectra data into ten subgroups based on the hue similarity of samples. Kwon et al. 19) recovered the reflectance spectra using principal component vectors determined by subgroups with similar colors, which were classified from the entire reflectance spectra data set.
In another proposed method different weights are employed for different reflectance spectra in the dataset. Agahian et al. 20) noted that all reflectance spectra in the dataset have equal treatment with the standard PCA method in the recovery process. It means that all spectra have an equal effect on the formation of principal axes. Therefore, Agahian et al. proposed a weighted PCA (wPCA) method to selectively control the influence of the reflectance spectra data. Specifically, the wPCA method firstly obtained the basis functions by standard PCA method. Then, such basis functions were used to recover the reflectance spectra and the color difference values were calculated between the actual pixel values and the pixel values estimated using the recovered reflectance spectra. Finally, a diagonal weight matrix was created by the color difference values. The reflectance spectra in the dataset were weighted based on the weight matrix. In this way, more accurate basis functions were obtained.
However, in the first kind of method 17) the reflectance spectra data set were divided into several subgroups. In such methods, different basis functions are calculated for different subgroups by the PCA method. In other words, one set of basis functions is only adapted to one subgroup. Nevertheless, in many practical computer vision applications, we can only use one set of basis functions for reflectance spectra recovery. 21, 22) Thus, the subgroup method is not suitable for a specific problem in practice. In addition, since the color of the material surface is dependent on the illumination and changes with various illuminations, the subgroup method 18) is unstable. Therefore, the subgroup methods mainly depend on selecting different spectra in the dataset and control the influence of different reflectance spectra for the principle component to improve the recovery accuracy.
The wPCA method 20) improves the accuracy of the basis functions by adding a weighted coefficient for each reflectance spectra. However, this method preliminarily needs to calculate the basis functions using the standard PCA method. In other words, the accuracy of the reflectance spectra recovery is dependent on the accuracy of the basis functions calculated by the PCA method. From both kinds of methods, we known that more accurate basis functions lead to more accurate recovery results. Thus, the basis function is important for improving the accuracy of reflectance spectra recovery.
Our Method
As stated above, with the PCA method, the principal components are obtained by the SVD decomposition for reflectance spectra dataset. The first m components are chosen as the best ''m'' basis functions for approximating the reflectance spectra.
In this paper, we present a new method for calculating the spectral reflectance basis functions. Unlike the PCA method, we derive basis functions by an optimization method. In our method, a new cost function and corresponding constraints are proposed as follows:
where N is the total number of reflectance spectra in the dataset, M denotes the number of samples for the reflectance spectra, and Rð k Þ is the actual spectral reflectance value at the wavelength k .
The object function E 1 ½S i is a measure of the total error between the actual reflectance spectra and the reflectance spectra recovered using the basis functions. If ij is known, we can minimize Eq. (5) to get the S i .
In order to perform the calculation, we discretize Eq. (4) by
ð6Þ where I cj is the pixel value imaged by the jth reflectance spectra for the cth channel.
Let (6) can be converted into a vector form:
Furthermore, Eq. (7) can be rewritten into a matrix form as
where I ¼ ½I 1j ; I 2j ; I 3j denotes the jth pixel values for three channels, ¼ ½ 1j ; 2j ; 3j denotes the basis function weights for the jth reflectance spectra, and A is a 3 Â 3 matrix with its entries defined by A ci . Since matrix A is nonsingular, 23) can be solved from the following equation:
Then, it can be substituted into Eq. (5) for calculation. Due to the fact that basis function curves are smooth, we add another term E 2 ½S i to smooth the curves. In other words, we enforce this term by smoothing the neighboring values S i ð k Þ and S i ð kÀ1 Þ. It is given by
Then, we obtain the basis functions S i by directly minimizing the following object function:
Furthermore, to ensure the uniqueness of S i , we introduce two constraints as follows:
Finally, we obtain S i ðÞ by minimizing the following object function directly:
In this way, the spectral reflectance basis functions problem is converted into an optimization problem. The basis functions S i are obtained by minimizing Eq. (14) with the constraints in Eq. (15), and the multi-object genetic optimization algorithm is used to obtain its solution.
Experiments and Results
In this section, we perform several experiments and comparisons to validate the proposed approach. The basis functions are obtained by minimizing the cost function in Eq. (14) with several fixed and default parameter values for all experiments.
Genetic algorithm and parameter settings
The multi-object genetic algorithm (GA) is a general method for solving the multi-object optimization problem. In the optimization process, every candidate solution of S i , which is called an individual, is represented by binary values, integers, real and even more complex values. The individuals S i are randomly generated as the initial population. Specifically, we sample the reflectance spectra from 400 to 700 nm at 10 nm intervals to calculate the basis functions S i ðÞ with 2 f400 nm; 410 nm; . . . ; 700 nmg. Since the number of the basis function is three, the individuals consist of 3 Â 31 double precision values. Let x i be the values that must be optimized, i.e., we have . Then GA produces a new population from the current one. This process is iterated several times, until a given stopping criterion are satisfied. The optimization process is shown in Fig. 1 .
The parameters of multi-object GA in MATLAB are set as follows. The fitness function is set to be Eq. (14) . The constraints are set to be Eq. (15) . A bit mutation method is used. The population type is set as a double vector. The population size is 2000. Both mutation and creation functions are set to be constraint dependent. The selection rate is created by stochastic uniform. The reproduction options determine how the GA creates children at each new generation. The crossover is set to be scattered. The remaining settings are default values of the MATLAB optimization functions.
Optimized basis functions
We test our method on three different datasets: Munsell color chips, 24) SFU, 25) and Vrhel. 26) The Munsell dataset consists of 1269 reflectance spectra. The SFU hyperspectral dataset consists of 1995 surface reflectance spectra. The Vrhel dataset contains 354 reflectance spectra.
As stated above, the reflectance spectra from three datasets were sampled from 400 to 700 nm at 10 nm intervals. Thus, the number of sample points M in the above equations equals 31. In order to calculate i , the XYZ tristimulus values of samples, A ci , in Eq. (7) were computed under illuminant D65. Once A ci is known, i is solved as an inverse problem using Eq. (9). Furthermore, i can be substituted into Eq. (5) for optimization. Finally, we obtained the basis functions by multi-object GA on three different datasets. The results are shown in Fig. 2 .
We also calculated the basis functions by the standard PCA method on the above three datasets. The eigenvectors of the reflectance spectra matrix were calculated by the PCA method from the Matlab mathematical software package. The first three principal components are used to approximate the reflectance spectra. Figure 3 shows the first three basis functions of three different datasets.
With the PCA method, different datasets generate different basis functions. However, the shape of basis functions is consistent with each other for three datasets. In contrast, the basis functions calculated by our method are different from the basis functions calculated by the PCA method. The shape of basis functions calculated by our method is consistent with each other for the three different datasets. The explanation is as follows. The PCA method only gives the optimal explanation for the spectral reflectance data. However, our method not only considers the influence of reflectance spectra for calculating the basis functions, but also incorporates the color specification term Eq. (9) into the optimizing process. In the process of obtaining the basis functions, the PCA method yields basis functions which are orthogonal, while the basis functions calculated by our method are nonorthogonal. Therefore, our basis functions are better for approximating the reflectance spectra. Due to the fact that GA is timeconsuming, our proposed method will require much computation time compared with the PCA method. However, in practice, the basis function only needs to be calculated once and then can be directly used in the calculation as a priori knowledge.
Evaluation
In computer vision applications, the basis functions, which are calculated by the PCA method for 1269 Munsell color chips, are the most commonly used functions because of the assumption that the Munsell dataset includes the surface reflectance of all colors. [18] [19] [20] The Munsell color chips are shown in Fig. 4(a) . Figure 4 (b) shows all surface reflectance values of the Munsell color chips.
To evaluate the effectiveness of our method, we recovered the reflectance spectra in the Munsell color chips dataset by our method and the PCA method using the basis functions, as shown in Figs. 2(a) and 3(a) , respectively. The experimental conditions are the same as those described in Sect. 4.2. Four recovered reflectance spectra and the ground truth are selected from the Munsell dataset. They are shown in Fig. 5 , where the ground truth is shown by the circles and the results recovered by PCA and our method are shown as the squares and triangles, respectively. The first column shows the results recovered by the PCA method. The second column is the results of our method.
From the above results, we can see that both types of recovered reflectance spectra are reasonably smooth. However, the curves recovered by our method are closer to the ground truth. In particular, they are more accurate at wavelengths from 600 to 700 nm.
To quantify the accuracy of the basis functions for each method, we calculated the goodness-of-fit coefficient 8) (GFC) between the actual and the recovered reflectance spectra by where X T ð i Þ is the true reflectance spectra at wavelength i and X P ð i Þ is the recovered reflectance spectra at the wavelength i . Table 1 shows the results recovered by our method and the PCA method for three datasets in terms of the mean, maximum, and median of the GFC values. Table 1 shows that the mean GFC values of our method are close to 1 and bigger than the mean GFC values of the PCA method. Therefore, our method outperforms the PCA method on different datasets.
Furthermore, we compared the accuracy of the reflectance spectral recovery for each method by calculating the root mean square (RMS) errors between the actual and the recovered spectra. The RMS error is given by 
where X T ð i Þ is the true reflectance spectra at wavelength i and X P ð i Þ is the recovered reflectance spectra at wavelength i . The reflectance spectra are recovered using the basis functions corresponding to Figs. 2 and 3 for the three datasets, respectively. Then, the RMS errors of the recovered results were calculated according to Eq. (17). Table 2 shows the values of the estimation error in terms of the mean, maximum, and the median of RMS errors when using the standard PCA method and the proposed method for the three datasets for spectral recovery. Table 2 shows that our method decreases the RMS error compared with the PCA method. As a result, the results recovered by our method are better than by those recovered by the PCA method. Then, to demonstrate the compatibility of the basis functions calculated by the proposed method for different datasets, the basis functions calculated from the Munsell dataset by our method are applied to other datasets. For example, we calculated the RMS error between the results recovered from the Munsell data and the results recovered from the SFU datasets. The average RMS errors are 0.013 and 0.004 corresponding to the PCA method and our method, respectively. The errors are small. Thus, the basis functions of our method are compatible to different datasets. However, from the above experiment, we can see that the basis functions are dependent on the datasets. If the basis functions calculated from the Munsell datasets by our method and the PCA method are applied to other datasets, the error will be increased.
Due to the fact that the basis functions obtained by our method are calculated from the tristimulus values, to demonstrate the efficiency of the basis function calculated by our method for camera output, we also recover the reflectance spectra using the proposed basis functions for the X-rite Color Checker (XCC) Chart on a Nikon D100 camera. An image of XCC Chart is captured by Nikon D100 under the illuminant corresponding to Fig. 6(a) . The average sRGB values of the image for 24 patches of XCC are calculated. The basis functions corresponding to Figs. 2(c) and 3(c) are also used to recover the reflectance spectra. The sRGB color matching function is also used in the calculation, as shown in Fig. 6(c) . Then, we recovered the spectral reflectance of 24 patches by the PCA method and our method. The average RMS errors of 24 patches recovered by PCA method and our method are 0.091 and 0.082, respectively. In order to quantify the colorimetric performance of each method, we recovered the reflectance spectra on different datasets. Four samples are randomly selected from each recovered reflectance spectra datasets. The results are shown in Figs. 7-9 .
Then, we calculated the CIEDE2000 color difference values (ÁE Ã 00 ) and RMS errors corresponding to Figs. 7-9 between the actual and the recovered reflectance spectra. Table 3 shows the results of comparison. We can see that the color difference values under the D65 illuminant are smaller for our method than those of the standard PCA method. This result reconfirms that the basis functions recovered by our method outperform the basis functions obtained by the PCA method.
Conclusion
In this paper, an alternative method for obtaining the reflectance spectral basis functions was presented. Unlike the PCA method, our method formulated such a problem as an optimization problem. For this problem, a new cost function and some constraint conditions were proposed and transformed into an optimization problem. This problem can be solved using the multi-object genetic algorithm. The performance of the suggested method was evaluated for the reflectance spectral recovery of three different datasets. Meanwhile, RMS errors were calculated between the recovered reflectance spectra and the true one. In addition, the PCA method only gives the optimal explanation for reflectance spectra data. Compared with the PCA method, the proposed method incorporates the color specification term into the optimization process. In this way, our method yields the nonorthogonal basis functions and is therefore better for approximating the reflectance spectra. The results showed that our method outperformed the PCA method.
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